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ABSTRACT The theoretical reduced electrophoretic mobility u’ of a wormlike cylinder having discrete sites 
along its axis is proportional, in the long-chain limit, to the average electrostatic potential (IC.) on the surface 
of shear. The proportionality constant is the same as that for the uniformly charged cylinder (UCC). Short 
chains are predicted to have somewhat smaller u’ values due to end effects. The treatment, which neglects 
ion-atmosphere relaxation, uses the Burgers method and the Yamakawa-Fujii chain model. As for the latter, 
the adjustable parameters are the Kuhn length, AK, and the cylinder radius, a, which can be determined 
independently from hydrodynamic data evaluated in terms of the same model. The computed value of u’ 
then depends only on linear charge density along the chain contour and the method chosen to evaluate the 
surface potential. Numerical integration with use of the Debye-HQckel assumptions for the hyaluronate 
polyion (a = 0.55 nm) leads to predicted u’ values for unperturbed (AK = 8.7 nm), expanded (or ”frozen- 
worm”), and rodlike models of the polyion. Corrections for the nonlinear effects of the Poisson-Boltzmann 
potential and ion-atmosphere relaxation, as computed for the UCC, lead to good agreement for the expanded 
model with experimental results for hyaluronate. Use of the same chain parameters leads to similarly good 
agreement with experiment for polysaccharides (polygalacturonate, alginate, and chondroitin 4-sulfate) having 
one charge per monosaccharide unit. The UCC model having the same value of a gives slightly lower results 
for u’. The discrete-site wormlike model predicts more accurately than the UCC model the ratio of u’ to the 
slope m = (ApK/ Act)[ of plots of the apparent dissociation constant pK against degree of dissociation a from 
potentiometric titration. The discrepancy results from inclusion of self-energy of charge formation in the 
charging free energy traditionally used to interpret m in terms of the UCC model. 

Introduction 
The uniformly charged cylinder model of polyelectro- 

lytes provides a definite prediction concerning the relation 
between the electrophoretic mobility and potentiometric 
titration. An experimental investigation’ of the mobility 
of sodium hyaluronate in free solution gave values about 
50% larger than those predicted by this model for the 
cylinder radius providing the best fit for potentiometric 
titration of hyaluronic acid.2 This discrepancy can be 
greatly reduced by use of a better model. A treatment of 
electrophoresis based on the hydrodynamic model3 of the 
wormlike chain is presented here which is consistent both 
with a previous treatment of potentiometric titration4 and 
with experimental observations by these two methods. As 
background for this treatment a brief review of the closely 
related theory of electrophoretic mobility of charged 
particles of simple shape is appropriate. 

Electrophoresis of Spherical Particles. In the 
course of the classical investigations of Debye and Huckel5 
into the conductivity of electrolyte solutions, Huckel6 
derived the electrophoretic velocity U (relative to the 
solvent velocity) for spherical particles by the methods of 
hydrodynamics for slow, steady fluid motion. When the 
external field Eo in the solution is assumed (Hockel 
approximation) to be everywhere parallel to thex direction 
(unit vector i), Eo = Xi, where X is the electric field 
intensity and U and the corresponding mobility u are given 
by 

(1) 
In eq 1 I] is the bulk viscosity and D the bulk dielectric 
constant of the solvent, while $a is the (uniform) elec- 
trostatic (or 0 potential at  the surface of shear of the 
particle. The coordinate system has its usual origin at  the 
center of the sphere, whose surface is placed at  the value 

U = uEo = D+,Xi/&rq 
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r = a of the radial vector r. Since the hydrodynamic 
equations treat the solvent as a structureless continuum 
with a sticking boundary condition at  the particle surface, 
the radius a clearly includes any adhering solvent layer. 

Although Debye and Huckel claimed that eq 1 held for 
charged spherical particles generally, Henry7 later showed 
that their result was restricted to the case that the particle 
had the same electrical conductivity as the solvent. For 
the nonconducting charged sphere, the validity of eq 1 
was shown to be limited to the case K(Y << 1, i.e., the particle 
radius a much smaller than the Debye radius K - ~ ,  where 
K has its usual definition for 1:l electrolytes: 

K ( 4 ~ e ~ n l D V k ~ l ‘ ) ~ l ~  (2) 
In eq 2 e is the elementary proton charge, ke is Boltzmann’s 
constant, T is the absolute temperature, and n is the 
number of charged particles in volume V. The original 
assumption of Huckel concerning Eo does not hold when 
a is not small compared to 8, due to distortion of the 
applied field by the particle. 

The investigations of HuckeP and Henry’ dealt only 
with the “electrophoretic” effect of the relative motion of 
the central charged particle and its ionic atmosphere. 
Another perturbing effect of the atmosphere results from 
the distortion of its average radial symmetry about the 
particle, the so-called “relaxation” effect. Both effects 
normally reduce the magnitude of U from its limiting value 
(at K = 0) in the absence of the atmosphere. The classic 
treatment of the relaxation effect for electrolyte solutions 
began with the work of Debye and Hucke16 and was much 
improved by the revised version of Onsagerms 

Developments in this field have been reviewed by many 
authors. A particularly useful review for the present work 
has been that of Overbeek and Wier~ema.~ The latter 
review discussed the authors’ work with Loeb on the 
numerical solution of the hydrodynamic (Navier-Stokes) 
equation for spherical particles to include relaxation effects 
by allowing for perturbation of the ion atmosphere in an 
external field.l0 
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Electrophoresis of Cylinders. Although it has im- 
portant applications to the problems of classical colloid 
chemistry, the impenetrable sphere model is of limited 
interest for the study of chain polyelectrolytes. Circular 
cylinder models, on the other hand, have been applied to 
advantage in the theoretical interpretation of both ther- 
modynamic and kinetic properties of polyions, particularly 
following the considerable success of the classic uniform 
line-charge model of Manning." 

The electrophoretic mobility of infinitely long uniformly 
charged cylinders was also investigated by Henry' for the 
same conditions as for spheres. For cylinders migrating 
in a field Eo parallel to the cylinder axis, he obtained von 
Smoluchowski's classic result:12 U = ullXi, in which 4n 
replaces 677 in eq 1. With the cylinder axis transverse to 
the applied field, Henry obtained an integral for U = ulXi, 
whose numerical evaluation by Gorin13 assumed the form 

uL = D$,h(Ka)/hq (3) 
where the function h(Ka), although equal to unity for the 
case of equal conductivity, increased for the nonconduct- 
ing cylinder from unity (Ka = 0 )  to 2 (Ka = m). For random 
orientation of the cylinder, Gorin averaged the resistances 
(i.e., the reciprocal mobilities) to obtain 

(4) 

Schellman and Stigter,'4 quoting a supporting argument 
of de Keizer et al.,15 preferred to average the mobilities 
directly to obtain uCyl for the random case 

1 2 D*f 
UCYl = -uII + -ul = - 

3 3  67w ( 5 )  

where f = [l + h ( ~ a ) ] / 2 .  With this averaging eq 5 is 
identical with eq 1 for Ka << 1 and can be used with the 
factor f to express deviations for both particle shapes. Over 
the range of KU from 0 to 0.4 of practical interest in this 
work, f due to field distortion decreased from unity, as 
given by the Huckel approximation, by less than 3 '36 for 
cylinders'3 and 1 % for spheres' when the Debye-Huckel 
(DH) approximation5 to the potential was used. StigteP 
performed a revised numerical evaluation of h ( ~ a )  by 
adapting to cylinders the mathematical treatment of 
Wiersema et a1.lO for spherical particles mentioned above. 
Equation 5 may be rewritten 

in terms of the dimensionless parameters yo, defined by 
the second equality of eq 6,  and a reduced mobility u', 
defined by 

At  25 O C ,  u' = 0.750 X 1041ul (for u in cmz V-'s-9, when 
values of q and D for water are used. 

Polyion Models. Other early physical models that dealt 
with the electrophoretic mobility of  polyelectrolyte^^^-^^ 
represented the situation in terms of a porous sphere 
(radius S) of uniform (volume) charge density. These 
theories predicted a free-draining result for the mobility 
at large KS. For sufficiently large molecular weight Mr the 
experimental mobility is independent of M, at any given 
ionic strength for essentially all chain polyions. This fact 
can be interpreted as confirming the free-draining char- 
acter of the motion. Since the ionic strength dependence 
of the mobility predicted by the early theories depends 
only on KS, however, the porous-sphere models failed to 
account for the dependence on ionic strength observed 

u' = 6nqe(ul/DkT (7) 

Figure 1. Vector diagram used to represent perturbations of 
the fluid velocity due to electrostatic forces in the Oseen 
formulation. 

experimentally. This is especially true for a polyion of 
low charge density, such as hyaluronate, whose relatively 
small linear charge density, combined with a stiff mo- 
lecular coil, maintains KS at the free-draining limit a t  all 
values of K for which measurements can be made. When 
the estimates for this comparison were made, the radius 
S was taken to be the Flory hydrodynamic radius or the 
average root-mean-square radius from light scattering. 

As Manning20 has pointed out, the failure of the porous- 
sphere models is due to the fact that the actual distribution 
of the counterions in a polyion does not produce a uniform 
charge density throughout the polymer coil. Consideration 
of the observed experimental dependence of u on K recalls 
rather the electrophoretic behavior of small ions, a fact 
which clearly suggests that the counterion distribution 
about the individual polyion charges should be considered 
in detail. Theoretical models which do just this, such as 
the continuous charge line or cylinder models of uniform 
charge density or discrete-charge models based on the 
actual polymeric chain have proved to be much more 
successful than the porous-sphere models in describing 
polyelectrolyte properties of coiling polyions. 

The discrete-site model of polyion electrophoresis due 
to Manning,z0 which is a bead model based on the 
hydrodynamic treatments of Kirkwood and Riseman21 and 
Kirkwood,zz leads also to the result of eq 1 when we ignore 
the relaxation effect and limit attention to the high linear 
charge densities characteristic of counterion condensation. 
The results of this model, which provided the inspiration 
for the present work, will be compared later with our 
results. 

Theoretical Treatment. Since the experiments of 
interest focus on polyions of polysaccharide character, we 
wish to use a chain model appropriate to such species. An 
examinationz3 of the physical properties of hyaluronate 
has led to a preference for the wormlike chain modeP for 
this purpose. A convenient choice for the investigation of 
hydrodynamic interactions is the wormlike cylinder em- 
ployed by Yamakawa and F ~ j i i , ~  within which the fixed 
polyion charges may be represented by discrete sites. In 
the following treatment estimates will be made of velocity 
perturbations in the fluid surrounding the polyion due to 
(1) the action of the external electrostatic field on the 
mobile charge distribution and (2) hydrodynamic inter- 
actions of the wormlike cylinder elements. To simplify 
the mathematical treatment, the charge distribution in 
the fluid will be assumed spherically symmetric about each 
fixed charged site of the polyion, while the fixed sites 
themselves will be taken to be equally spaced along the 
cylinder axis. The physical significance of these approx- 
imations will be considered under Discussion. 

Electrostatic Field Perturbations. We consider the 
hydrodynamic effect of application of an external electric 
field Eo = Xi to a charge distribution about a charged site 
located at  the origin of coordinates 0. The velocity 
perturbation v' is desired at  a point P' (see Figure 1) due 
to the point forces per unit volume G = pE acting on volume 
elements having charge density p .  When the total electric 
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field E is assumed to be a superposition of Ec, and the local 
static field E' due to the polyion and the mobile charges, 
the effect of E' can be neglected when distortion of the 
equilibrium charge distribution by the applied field 
(relaxation effect) is ignored. In that case v' is given, 
according to the Oseen fo rmula t i~n ,~~  as a sum over volume 
elements at  all points P by 

v'= S,TGdV= sw(I+$)i 

where T is the Oseen tensor, h is the vector pointing from 
P to P', and P is the polar angle between the vectors r and 
8. The vectors VI' and v2' represent the parts of v' cor- 
responding to the first and second terms in brackets in the 
last integral of eq 8, respectively. 

The integration over @ is readily performed by substi- 
tution from the law of cosines: h2 = s2 + r2 - 2rst, where 
t cos p. By assumption of a radially symmetric charge 
distribution about 0, the &dependent part of the inte- 
gration of VI' of eq 8 becomes 

Evaluation of this integral leads to 2/s when s > F and to 
2 / r  when s < F .  

Integration of the v i  term over /3 is complicated in the 
general case. For a polyion in Brownian motion the 
orientation of h with respect to the field direction i can 
be expected to be random. The device of preaveraging 
the Oseen tensor T, introduced by Kirkwood and Rise- 
man,21 then leads to v2' = v1'/3 as the result of this 
integration. Substitution of these results into eq 8 
integrated over p gives 

H e r m a d s  has previously obtained eq 10 for a different, 
but physically equivalent, model by a different method. 
The first integral in eq 10 represents Q8, the charge of the 
ion atmosphere within a distance s from 0. 

The integrals in eq 10 may be evaluated% by substitution 
of Poisson's equation, p = -DV2$(r)/4x, and replacement 
of V2$(r) in the first integral by (l/r2) d/dr(r2 d$/dr) and 
in the second by (l/r)[d2(r$)/dr2). The first integralgives 

(11) Q, = s,' 4xpr2 dr = D[a2(d$/dr), - s2(d$/dr),] 

1" 4*pr dr = D{s[d($)/drl, + $,I 
The second integral becomes 

(12) 

when d(r$)/dris taken to vanish at infinite F .  Substitution 
of these results into eq 10 gives 

vf = DXi -[ a'* -( )a + = =(- - 80 + D$.) (13) 6 ~ 7  s dr 6x7 s 
In the second form of eq 13 the fixed charge Qo on the site 
at  (or surrounding) 0 is expressed, with the use of eq 11, 
as 

Qo = -1im Q, = Da2(d$/dr), (14) 

where s2(d$/dr), is also taken to vanish at infinite s. The 
first equality of eq 14 simply states the charge neutrality 
of the overall system. 

E-- 

Electrophoretic Mobility of Wormlike Chains. 2 4393 

Hydrodynamic Interaction Perturbations. A per- 
turbation of the solvent velocity will also be produced by 
the forces exerted by the particle on the fluid in conse- 
quence of its own motion. The convenient Burgers2' 
procedure has often been employed for dealing with 
hydrodynamic interactions between different elements of 
the same particle. This procedure asserts that the velocity 
difference v - U between the fluid velocity v and the 
particle velocity U shall vanish (on the average) over the 
surface of contact. More particularly, for a particle 
possessing a long particle axis, this velocity difference is 
assumed to vanish over a cross section normal to the axis. 
The application of the Burgers procedure to wormlike 
cylindrical chains by Yamakawa and Fuji? will therefore 
be followed here, as will their notation for the most part. 

The chain coordinatep is taken to be the distance along 
the chain contour from one end of the chain. A distributed 
point force f(p) is assumed to be exerted on the solvent 
by the particle along the curving cylinder axis, such that 

rf(p) dp = (F ) = F' = CQkEO (15) 

where Q k  is the charge on site k, 2 is the number of such 
sites, (F) is the mean frictional force exerted on the solvent 
by the particle, and F' is the force exerted on the particle 
by the external electric field, here taken to be simply that 
exerted on the site charges of the polyion by the applied 
field Eo (Huckel approximation). The velocity pertur- 
bation  due to these forces at  other points on the particle 
is then given, in the Yamakawa-Fujii treatment, at  the 
normal cross section for axial point p, by 

z 

k = l  

In eq 17 R represents the vector pointing from the position 
of p to that of q, where q represents any other point along 
the axis of chain contour, and r is the radius vector to the 
cylinder surface in the normal cross section at  p. Equation 
16 represents preaveraging of the Oseen tensor, where angle 
brackets indicate statistical averages a t  p over the normal 
cross section and over all chain configurations. The Burg- 
ers criterion at  each p for this case is 

vo + v' + v" - u = 0 (18) 
where vo is the unperturbed fluid velocity in the absence 
of the external electric field, which is taken here to be 
zero. If we make the obvious assumption, as for trans- 
lational diffusion, that U = Ui is the same a t  all p, 
substitution of eqs 13 and 16 into eq 18 gives 

n 

D X k ( $ ) k  = 6~7U (19) 
k-1 

where the mean force (f(q)) is taken to be (f(q))i and 
($ )k  is the average value of the potential over the surface 
of the cross section at  p due to the charge at  site k. The 
corresponding average (s-l)k of the reciprocal distance 6-l 
in eq 13 from site k to a point on the cylinder surface at  
this cross section has been set equal to (IR - rI-l)k, where 
the latter has the same significance as (IR - r1-l) when q 
= Qk, the axial point in the cross section containing site 
k. 
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involving a 20-point Gaussian quadrature. The latter 
typically agreed within about 0.1% with the analytical 
result. 

The simplification introduced by locating the discrete 
charge sites along the axial contour now appears, since 
K ( Z k )  = K(z )  for z = Z k .  When the sum in the second term 
of eq 22 can be replaced by an integral, most suitably id 
the case of long chains, the first two terms cancel, and the 
KR approximation assumes a simple form, in terms of an 
average surface potential (#a)  

Equation 19 may be solved approximately by the Kirk- 
wood-Riseman procedure, which is most appropriate for 
long chains, as shown below. For shorter chains, or where 
a more exact solution of eq 19 is desired, the convenient 
numerical method of SchlitP is preferable. Details of 
the application of this method are given in Appendix A. 

Kirkwood-Riseman Approximation. The approx- 
imation of Kirkwood and Riseman21 (KR) corresponds to 
( f (q)  ) = constant, independent of q. The integral equation 
may be solved in this case by a method similar to that used 
by Yamakawa and F ~ j i i . ~  When eq 19 is multiplied by dp 
followed by a further integration over p from 0 to L, the 
result obtained, after inversion of summation and inte- 
gration, may be written 

where z Jp - q k l ,  and the identity ( j (p))  = 
( f ( q ) )  has been used. A similar approximation in eq 15 
gives 

lp - 41, Z k  

where Q is the total charge on the polyion. 
Substitution in eq 20 of (fb)) from eq 21 and of the 

reduced mobility u‘, as defined by eq 7, and specialization 
to the case that all Qk are identical and, with little loss of 
generality for chain polyions, equal to f e ,  leads to 

(24) 

In eq 22 the familiar definition of the charge density 
parameter [ due to Manning20 

[E m=LH 
DkTL DkT L 

has been inserted. It should be noted that u’ and 5 are 
taken always to be positive and that the three algebraic 
terms on the left-hand side of eq 22 (with disregard of the 
minus sign before the second term) are all positive. The 
integrals g(qk)  and f#I(qk) are taken with the site at q k  as 
the origin of Z k .  

In their treatment of the translational friction coefficient 
E of the wormlike chain in the KR approximation, Ya- 
makawa and Fuji? set (F) = EU = Ev. The above 
treatment reduces to this case, of course, since v’ vanishes 
in the absence of an external electric field. Yamakawa 
and Fujii integrated the first term of eq 22, which is then 
equal to 6 q L / E ,  with the approximation to K(z )  given in 
their eq 37, which has also been used in the numerical 
calculations in this work. They computed the ratio L I E ,  
where E, represents the limiting value of E as L - m, for 
various contour lengths L and chain cylinder diameters 
d’. The results, presented as their Figure 7, were verified 
for representative cases in the course of this work by direct 
analytical integration, as well as by a numerical integration 

A similar cancellation occurs in other treatments of elec- 
trophoresis and leads to the usual proportionality between 
mobility and surface potential, as in eqs 1,3, and 5. (See 
the Addendum for further discussion of this point.) 

Numerical Evaluation. The theoretical results may 
be evaluated numerically when appropriate assumptions 
concerning the chain parameters and the form of the 
electrostatic potential are introduced. In cases where the 
chain can be characterized independently by hydrody- 
namic data, the reduced mobility u’ can be estimated 
without use of adjustable parameters. In this section the 
question of making such estimates is taken up on the basis 
of the preceding treatments: (1) the KR approximation, 
eq 22 or 26, and (2) the Schlitt solution: u’ = [/& given 
by eq A6 with $0 evaluated with eq A16. 

(1)  KR Approximation. In performing numerical 
estimates of the extent of cancellation of the first two 
terms in eq 22, the integrals involving K(z )  and K(z,) were 
evaluated with use of eq 37 of Yamakawa and Fujiies The 
parameters required for the use of this equation include 
the contour length z between two axial points p and q, the 
Kuhn length AK (equal to twice the persistence length), 
and the hydrodynamic radius a used to represent the 
cylindrical cross section. Such parameters are available 
for hyaluronate from a previous In that work 
estimates of the intrinsic viscosity (or limiting viscosity 
number) for the unperturbed chain were fitted to the 
wormlike cylinder model used here by means of the 
theoretical treatment of the same model given by Ya- 
makawa and F u j i m  The values AK = 9.0 nm and a = 0.55 
nm provided the best fit when 2 was taken equal to LON 
(in nanometers), where N is the number of repeating (di- 
saccharide) units, so that N = 2 for the fully ionized 
polymer. This Kuhn length was consistent with the results 
of conformational m ~ d e l i n g , ~ ” ~ ~  from which the value AK 
= 8.7 nm used in this work was derived. The results 
described here are quite insensitive to small variations in 
AK. The value of a is consistent with an estimate of 0.35 
nm for the unhydrated radius from specific density 
increment (or small-angle X-ray scattering)gl when al- 
lowance is made for a layer of water of hydration within 
the shear boundary. Examination of space-filling mo- 
lecular models reveals, of course, that the wormlike cylinder 
is only a rough approximation to the molecular situation. 

The 2 charge sites were placed along the axial contour 
at 1.0 nm spacing with the end charges at  0.5 nm from 
each chain end. When the integrations indicated in eqs 
22 and 23 were performed analytically, the resulting 
expressions could be evaluated with the above parameters. 
The contribution to ut / [  of the first two terms in eq 22 
ranged from -0.07 at 2 = 2 to -0.01 at 2 = 40 to -0.003 
at Z = 200, compared to typical experimental values of 
u’ / [  between 2 and 6 (see Figure 2). These terms can 
clearly be neglected for long chains, as suggested in the 
simplification of eq 22 to eq 26. In any case the more 
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Figure 2. Theoretical results for the reduced electrophoretic 
mobility u’ plotted as a function of 1:l electrolyte concentration 
Cs* for various model chains of infinite length and cylindrical 
radius a = 0.55 nm. Examples from this work are chains having 
uniformly spaced discrete axial charges a t  1.0-nm separation: 
(U) the unperturbed wormlike chain (- - -, AK = 8.7 nm); (E) the 
expanded frozen-worm chain (see text) (-, AK = 8.7 nm); (R) 
the rigid-rod chain (- -, AK = m). The theoretical result ( M )  of 
Manning (eq 37) for the bead model (- - -, d = 1.0 nm, a, = 0.55 
nm) is also shown, as are the uniformly charged cylinder (UCC) 
models (e-) with a = 0.55 and 1.0 nm, as indicated. Experimental 
points (H) are those obtained for hyaluronate.’ 

accurate Schlitt solution, which includes the nearly 
canceling terms, reaches approximate convergence only 
at  values of 2 higher than the preceding estimate would 
suggest and should be used for short chains. 

Equation 26 will be shown below (see Discussion) to 
reduce readily to the results for the mobility u’ given by 
classic rodlike chain models with simple charge distribu- 
tions. Numerical evaluation of u’ involves, in all cases, 
the problem of estimating the electrostatic (or 3;) potential 

on the surface of the polyion. The difficulties encoun- 
tered in the description of $ in the vicinity of a polyion 
are well-known, and many attempts have been made to 
find simple solutions of adequate accuracy to this problem. 
While this goal has not been achieved in the general case, 
the polyion of low linear charge density ( 5  < l), for which 
complete ionization of the counterions is approached, 
represents a particularly simple case. 

In the use of a discrete-size conformational model to 
describe the potentiometric titration of hyaluronate? a 
simple DH expression for the potential was found to 
provide good agreement with experiment for the low ionic 
strengths at which such an expression is approximately 
valid for simple 1:l electrolytes. This agreement was found 
to occur, though somewhat fortuitously, even when the 
rodlike model with evenly spaced sites was used to 
represent the polyion. 

The use of this potential function in the present case, 
as well, therefore appears to be justified. When the value 
of $ at a given point in the solution is taken to be a sum 
of the independent contributions from each of the sites k 
of a single polyion, and the conformationally averaged 
contribution from a single site is written 

substitution of eq 27 into eq 26 leads to 

1 kg( exP[-K(lR - ~ D I )  
dP (28) 

Equation 28 may be evaluated by a numerical method at 
each site k by splitting the integral into two terms with 
limits, as in eq 24. The sum divided by 2 clearly represents 

- -- U’ - -  
Z k - 1  (R- r l  k 
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an average of this integral over all the sites. In the long- 
chain limit being considered here, each site will contribute 
equally and a single integration suffices: 

(exP[-K(IR - rill) 
lim u’ = 2SS,- dp  (29) 
L-- IR-rl k 

The factor of 2 appears because the site k can be regarded 
in this case as located at  the center of a chain stretching 
from -L f 2 to L f 2. 

The average occurring in eqs 27-29 has been considered 
for the hyaluronate ion in a theoretical calculation4 of the 
electrostatic free energy, for which the distance rjk between 
charged sites j and k was involved. While the averaging 
should in principle be done over all conformational states, 
an approximation to the electrostatic free energy in that 
wGrk used a rigid model which reproduced rather well the 
results of a more accurate conformational calculation 
employing the Monte Carlo technique. This model, termed 
the “frozen-worm approximation”, used an expansion 
correction to the unperturbed root-mean-square end-to- 
end distance to derive values of r j k ,  which were used as 
fixed distances to replace the conformational average of 
the kind appearing in eq 29. The assumption that similarly 
good agreement can be expected in the present calculation 
seems reasonable. 

Fixed values of the distance have therefore been 
estimated from (R - rl = ( C X R ~  (R2)o  + a2Y2,  where O ~ R  is 
the expansion factor calculated previously? and (R2)o is 
the unperturbed mean-square end-to-end distance for the 
wormlike chain of contour length Zk. Negligible errors 
can be expected from the assumption of orthogonality of 
R and r implicit in this estimate. Numerical values of all 
distances were calculated in dimensionless units as mul- 
tiples of the Kuhn length& Substitution of the resulting 
values of IR - rl into eq 29 as fixed distances to replace 
the conformational average then permitted the indicated 
integration by a numerical method. The latter was carried 
out by 80-point Gaussian quadrature with use of tabulated 
numerical ~oefficients.~~ 

(2) Schlitt Solution. The numerical evaluation of the 
4j, and especially 40 = ut /& can be carried out by 
substitution of the coefficientsKij,Kik, and ($)a, estimated 
as for the continuous case, into eqs A10 and A14. Solution 
of the resulting linear set may then be carried out by the 
matrix inversion indicated by eq A16. The locations of 
sites i and j along the axial contour were chosen 88 the 
Gaussian quadrature abscissae, and charge sites k were 
chosen as indicated above for the KR approximation case. 

Results 
Computed values of the long-chain limit (KR approx- 

imation) to u’ are plotted in Figure 2 as a function of CS*, 
the molar concentration of 1:l electrolyte (equal to the 
ionic strength I) at infinite dilution of polymer. This 
notation is consistent with previous usage for this system,2 
where component 1 denoted solvent water, component 2 
the polymeric electrolyte (polyion plus counterions), and 
component 3 the electrolyte component of low molecular 
weight. Values of C3* are related to K (in nm-l) a t  25 OC 
by K = 3.29c3*1/2 at  CZ = 0. The hyaluronate polyion is 
taken to have charge spacings d = LIZ along the chain 
contour of 1.0 nm when fully ionized, so that [ = 0.716/d 
(with d in nanometers) = 0.716 at 25 OC, when the value 
D = 78.3 for water is inserted in eq 25. 

Results are shown in Figure 2 for the discrete-site 
cylinder model of hyaluronate (a = 0.55 nm) described 
above for three different chain types: (1) the expanded 
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Figure 3. Reduced electrophoretic mobility of chains of N di- 
saccharide subunita as a fraction u ' /~ ' -  of that of the chain of 
infinite N. Data are for the fully ionized (N  = 2) unperturbed 
wormlike chain of Figure 2, as calculated by the Schlitt integration 
procedure. Values of 109 C3* are indicated for each curve. 

(frozen-worm) conformation (AK = 8.7 nm, curve E); (2) 
the unperturbed wormlike conformation (AK = 8.7 nm, 
curve U); and (3) the long-rod model (infinite AK, curve 
R). The latter corresponds, with respect to the location 
of charges, to a polyion model used by Manning,33 which 
consisted of uniformly spaced discrete charges along a 
straight line. 

The result for the long-rod model can be verified by 
direct integration. In deriving the potential of the 
continuous line of charge, Manning" showed that the 
integral appearing in eq 26 gives ~Ko(Ku) ,  where KO(KU) is 
the modified Bessel function of the second kind of order 
zero, so that 

U' = 25Ko(Ka) (30) 
Values of u'calculated fromKo(Ka) (ref 32, p 379) reproduce 
precisely those obtained by Gaussian quadrature. 

The dotted lines in Figure 2 show the similar result for 
the cylinder of uniform surface charge (UCC), when the 
DH approximati~nl~?" to yo (eq 32) is used in eq 6 (with 
f = 1). Inclusion of the UCC model of radius a = 1.0 nm 
shows the reduced mobility predicted for the radius which 
provided the best fit to potentiometric titration data for 
hyaluronate.2 

In addition to dependence of the mobility on the ionic 
strength, the solutions to  eqs A10 and A14 by the Schlitt 
procedure provide predictions concerning the dependence 
on chain length, as expressed by the number 2 of charge 
sites. The results of these calculations, which are shown 
in Figure 3, extrapolate to the KR approximation as 2 
becomes large. As would be expected, the approach to 
this limit occurs at higher Zas the ionic strength decreases. 

Discussion 
Results in the preceding section were based on a 

wormlike cylinder model with discrete axial sites. The 
special case of the infinite long-rod (or straight-cylinder) 
model can be readily adapted to other simple charge 
distributions, which will be discussed in the next section. 

(I) Long-Rod Model. (a) Axial Charge Distribu- 
tions. For uniformly spaced discrete axial sites, the 
potential $a on the cylinder surface varies in a cyclical 
fashion along the chain contour, its absolute value being 
largest in the plane containing a charge site and smallest 
in that midway between two sites. When the polyion 

Figure 4. Dielectric cylinder having a core (r < a)  of dielectric 
constant D1 surrounded by the annular shell (6 > r > a)  of bulk 
dielectric constant D, where 6 representa the minimum radiue 
of penetration of centers of counterions in the original model of 
Gorin13 and Hill.% 

charge is subdivided into smaller, but equal, parts, the 
result for u', eq 30 (KR approximation), will remain 
unchanged. The limit of such subdivision, Le., the line 
charge having a continuous distribution of uniform density, 
will thus also give this result. 

It may be instructive to obtain eq 30 in a slightly different 
way. For any distribution that leads toa uniform potential 
$a on the cylinder surface, u'/( can be obtained by 
integrating eq 26 to give 

u' = D+&5/Q = Y O  (31) 
where the definition of [ (eq 25) has been used. Equation 
31 is identical with eq 6, the result of Schellman and 
S t i g t d 4  when h(x0) = 1, hence f = 1, where xo 2 KO. The 
numerical value of +a to be used will, of course, depend 
on the electrostatic model chosen and assumptions con- 
cerning the location of the surface. Insertion of the 
continuous line-charge potential i+al = 2eKo(ro)/Dd, as 
given by Manning,ll into yo reduces eq 31 to eq 30. 

(b) Surface Charge Distributions. The models 
employed in the theoretical treatment have used the DH 
"limiting law" assumptions that the fixed axial sites of the 
polyion cylinder are point charges immersed in a struc- 
tureless (continuum) electrolyte medium with spherical 
symmetry of charge about each site. The radius a waa 
introduced to define a cylindrical surface of shear. 
Examination of molecular models of hyaluronate and most 
other polyions makes clear that a more realistic model 
would place the charge sites a t  or near the surface of the 
polyion. The contact with solvent of the carboxylate group 
in hyaluronate presumably resembles that in a small anion, 
such as acetate. In addition, the organic material of the 
polyion will influence the electrostatic potential in ita 
vicinity, through both ita low dielectric constant and ita 
exclusion of the small ions in the solvent. 

Theoretical investigations of these effects in aqueous 
solution have often employed the dielectric (straight) 
cylinder model having the cross section shown in Figure 
4, where a uniform low dielectric constant D1 at r < a 
changes abruptly to the uniform high dielectric constant 
D of the solvent at r > a. A charge-free annular region ( b  
> r > a)  has sometimes been included to allow for the 
exclusion of the centers of small ions from that region. 

The assumption of a radially symmetric charge distri- 
bution about the polyion charge sites used to obtain eq 13, 
and thus eqs 22 and 26, is unrealistic when the site8 are 
placed on the surface of such a cylinder. The continued 
use of eq 26 can be tentatively justified by appeal to the 
classical theory of colloid electroph~resis,~J~ where the 
crucial parameter is the potential, defined as the 
electrostatic potential at the surface of shear of a moving 
particle and thus corresponding to the surface potential 
$a used in this work. 
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The hydrodynamic analysis of Henry, which neglected 
relaxation effects, involved a complete solution of the 
Navier-Stokes equation for the dielectric cylinder of Figure 
4 with a uniform surface charge at  r = a = b and a 
continuum solvent (r > a) .  Henry's result for this 
cylindrically symmetric case, taken with the averaging 
procedure of Schellman and Stigter, gives eq 31 for xo  << 
1. This agreement, when they can be compared, of eq 26 
for the discrete axial distribution with Henry's analysis 
for the UCC suggests that eq 26 should provide a reasonable 
approximation for the dielectric cylinder with discrete sites 
on the surface, as well. 

Skolnick and F i ~ m a n ~ ~  obtained a solution in the DH 
approximation for the potential of a discrete point charge 
placed on the surface of an infinite dielectric cylinder ( r  
= a = b). In this case $k varies both with the azimuthal 
angle y (measured from y = 0 a t  the charge site) and the 
axial distance Z k  from the charge site. As shown in 
Appendix B, integration of their result over the surface of 
the cylinder to obtain $(qk) according to eq 24 leads to eq 
B7. When the sum indicated in eq 26 is performed, the 
location of individual sites on the surface is immaterial, 
provided that the potential can be regarded as a super- 
position of the single-site potentials of Skolnick and Fix- 
man, which is consistent with the DH approximation. 

An obvious consequence of this argument is that the 
value of u' for the long-rod cylinder having a uniform 
surface charge on r = a = b (the UCC model) is also given 
by eq B7 when the surface charge is considered as a su- 
perposition of infinitesimal charge elements. The as- 
sumption for surface sites of the KR approximation of eq 
26, taken with the Skolnick-Fixman solution for the 
potential, is therefore equiualent to the result obtained 
for this model14 by insertion of the solutio11'3*3~ for the 
UCC surface potential into eq 6 (withfset equal to unity). 

In the case of varying potential on the shear surface, the 
parameter yo is therefore redefined by 

Yo = I($a)le/kT (33) 
with ($a) defined by the last equality of eq 26. The curves 
marked UCC in Figure 2 represent plots of eq 32 for two 
different values of a. Since the function x&l(xo) deviates 
from unity by no more than 5% for xo  < 0.2 or 15% for 
xo  < 0.4 (C3* < 0.01 or 0.05 M, respectively, when a = 0.55 
nm), the effect on u' of placing the charge on the cylinder 
surface rather than axially is relatively small in the long- 
rod case, especially at  low ionic strength. The effect of 
the value chosen for the radius of shear a is, however, 
clearly significant. 

(c) Finite Ion Size. A traditional way of dealing with 
volume exclusion effects of small ions has been to introduce 
a charge-free region b > r > a in Figure 4 into which the 
centers of the small ions do not penetrate. When the 
assumption of Gorin is made that the surface of shear 
remains at  r = a,  the reduced potential there, now termed 
yoi, becomes13*" 

where X b  Kb and the factor f i  provides a correction to eq 
32 for this effect. Equation 34 does not depend on the 
location of the charge within the cylinder, provided only 
that the charge distribution is cylindrically symmetric. 
Thus, even the axial line of charge gives this result when 
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Table I 
Correction Factor fj for Finite Ion Size 

f i  

C9* %0° ri, nm 0.20 0.40 
0.61 0.057 
0.002 0.081 
0.005 0.128 
0.010 0.181 
0.025 0.286 
0.050 0.405 
0.100 0.572 

1.004 1.008 
1.007 1.014 
1.014 1.028 
1.023 1.046 
1.045 1.088 
1.073 1.119 
1.116 1.221 

a Polyion radius of shear a = 0.55 nm. 

exclusion effects of the type indicated by Figure 4 are 
included. 

Although Skolnick and Fixman did not solve the 
potential problem of the point charge with the charge- 
free layer between a and b, the results of who 
studied the dielectric cylinder of Figure 4 with b > a for 
a helical array of discrete surface charge sites, strongly 
suggest that eq 34 will result in that case when the potential 
is averaged over the surface a t  r = a.  

The numerical effect of the use of eq 34 rather than eq 
32 is shown in Table I for the value a = 0.55 nm chosen 
for hyaluronate and two different choices of the small ion 
radius, ri E b - a. The choice ri = 0.2-0.25 nm corresponds 
to a typical for alkali-metal and alkaline-earth 
halides in fitting data for activity coefficients to the DH 
theory. The larger ions (Tris+ and acetate-) used in the 
electrophoresis experiments' might be expected to have 
values of ri as large as 0.3-0.4 nm. The correction factors 
f i  listed in Table I are the ratios of eq 34 to eq 32 at a 
selection of ionic strengths C3*. The corrections are smaller 
than 5 % for C3* < 0.01 but become increasinglysignificant 
at  higher ionic strengths, where the DH potential itself is 
less reliable. 

Since molecular modeling of hyaluronate suggests that 
a monolayer of water lies within the shear surface, the 
counterions may well penetrate this layer to some extent. 
In this case b - a will be smaller than ri and may even 
vanish. The size of the correction is therefore open to 
question, and no such corrections have been made in 
comparisons with experiment. 

(a) Ion- Atmosphere Relaxation. Nonlinearity of 
the PB Equation. While the long-rod models might 
appear to provide better agreement with experimental data 
for hyaluronate than the wormlike models, as judged by 
Figure 2, it must be recalled that two important effects 
have been neglected in the preceding treatment: (1) the 
relaxation effect of the ionic atmosphere in electrophoretic 
transport and (2) the effectaof deviations from the Debye- 
Huckel approximation to the potential. As mentioned 
previously, Stigter has provided38 numerical solutions to 
the nonlinear PB equation for the long-rod cylinder with 
a = b. A comparison in Table I1 for the long-rod model 
of hyaluronate shows that his values of yo =yy~(s) are smaller 
than YO(DH) by at most about 9% at xo  values of interest. 

Numerical estimates of the relaxation correction factor 
f of eq 6 were tabulated39 by Stigter for the randomly 
oriented UCC model as a function of yo(s) and X O .  Further 
parameters were the reduced friction factors m i  for the 
small ions of the supporting 1:l electrolyte. The values 
of f s  given in Table I1 were estimated from these 
tabulations for the experimental conditions of the mobility 
measurements' in Tris acetate buffers of varying concen- 
tration. The limiting molar conductivity values at  25 "C 
in units of S cm2 mol-' were taken to be A$ = 29.7 for 
Trisaand A! = 40.9 for acetate.37b Corrections were made 
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Table I1 
Estimated Relaxation Cormtion Factor f i n  u'= fyo for 

Hyaluronate 
model 

UCCb EAf Manningd 
CS' ZO YMDH) YWS) f S  YO'o(S) fS YMM) f M  

0.001 0.057 4.29 3.92 0.88 4.43 0.86 4.62 0.70 
0.002 0.081 3.81 3.48 0.90 3.98 0.87 4.15 0.72 
0.005 0.128 3.20 2.95 0.91 3.25 0.90 3.55 0.74 
0.010 0.181 2.75 2.55 0.93 2.74 0.92 3.12 0.76 
0.025 0.286 2.20 2.08 0.95 2.08 0.95 2.60 0.78 
0.050 0.405 1.81 1.73 0.97 1.61 0.98 2.24 0.79 
0.100 0.572 1.47 1.42 0.98 1.20 1.00 1.93 0.80 

0 The cylinder radius in all numerical calculations is 0.55 nm; 
d = 1.0 nm; electrolyte is Tris acetate. b Uniformly charged cylinder 
(UCC) model: YO(DH) calculated from eq 32, yo(s) and fs as described 
in text. Expanded wormlike cylinder, axial charge sites (EA) model: 
YO(DH) (not shown) as for curve E in Figure 2, yqs) and fs as described 
in text. d Manning discrete-site model? YO(M) = u' from eq 37, 
a, = 0.55 nm; f~ calculated as described in text. 

to these values for concentration effects on A*. Some 
extrapolation was required when these estimates were 
made, since the values of mi = 12.86/Aa at 25 OC for these 
ions are somewhat higher than those given in Stigter's 
tabulations. 

(11) Wormlike Model. Since this model generally 
provides a better description of the conformational be- 
havior of chain molecules, its use is to be preferred in the 
treatment of physical properties when the latter involve 
interactions at  distances of the order of a persistence length 
or greater along the chain contour. The reduced mobility 
u' for this model has been treated in the theoretical section 
for the case where the charge sites are located along the 
contour axis of the chain. Since u' for the long-rod model 
changes only slightly when surface charge distributions 
are used instead, we can reasonably expect that the 
wormlike model will change similarly, 

In the estimation of values of u' for the expanded 
wormlike model, the ratio of the value for surface sites to 
that for axial sites at  a given xo  has been assumed equal 
to that for the corresponding rodlike model when the two 
models have the same value of u' (or average surface 
potential) for axial sites. 

Manning Theory. An earlier theory of electrophoretic 
mobility of chain molecules bearing discrete charge sites 
was that of Manning.20 Instead of the wormlike cylinder 
model used here, Manning's theory employed the hydro- 
dynamic model of Kirkwood,22 which regards the polymer 
chain as a sequence of structural units, each of which is 
taken as a point source of friction. This model was first 
used by Kirkwood and Riseman2l in their theory of the 
polymer friction coefficient. The result obtained by 
Manning in the Debye-Hfickel approximation, when 
relaxation effects were neglected, may be written in our 
notation by combining Manning's (M) eqs M2, M5, and 
M10 with Q = Ne to give 

where d LIZ. For the linear polyion model used by 
Manning with equal spacing d between charge sites, the 
double sum gives -(2N/d) In [I - eXp(-~d)] and eq 35 
becomes 

(36) 

The friction coefficient 5 represents the frictional 
resistance that would result if the chain were cut into its 

-3  -2 -1 

log c3' 
Figure 5. Theoretical reduced electrophoretic mobility u' of 
hyaluronate (F = 0.716) corrected for effects of nonlinearity of 
the Poisson-Boltzmann potential and ion-atmosphere relaxation 
as described in the text. Chain models and designations 
correspond to those in Figure 2 except that EA (-) is used to 
designate axial charge sites and ES (- -) surface charge sites for 
the expanded frozen-worm chain. The Manning chain M is 
corrected only for relaxation effects. All chains have radius a = 
0.55 nm. The experimental points are the same as those of Figure 
2. 

individual units and would then be completely analogous 
to that appearing in the conductivity theory for small ions. 
Robinson and Stokes37c have shown that Stokes' law in 
the form 5 = 6aqa, provides a good fit to experimental 
conductivity data for the tetraalkylammonium cations 
when the radius a, is calculated for the assumed spherical 
ions from the molal volumes, provided a, > 0.5 nm. 
Introduction into eq 36 of Flory's suggested usell of this 
expression for 5 in the context of the structural unit, 
assumed spherical, of the chain model leads to 

(37) 
Manning20 considered only the case Kd << 1 to obtain 

UM' = -2[ In ( ~ d )  for univalent charge sites, which follows 
from eq 37 with neglect of the first term in braces and 
retention of the first noncancelingterm from the expaneion 
of the exponential. For cases of interest here, this 
approximation is not valid, and the full eq 37 should be 
used instead. 

The curve marked M in Figure 2 represents a plot of eq 
37 with a, = a = 0.55 nm and d = 1.0 nm, as for the other 
curves. While the value of u' given by this model lies 
about 10 % higher than those of the other long-rod models 
at  C3* = M, the use of the constant first term in eq 
37 leads to significantly higher values at  the larger ionic 
strengths. 

Manning provided estimates of relaxation effects as a 
part of his theoretical treatment of mobility. The cor- 
rections given in Table I1 as f~ for the Manning model 
have been calculated from eq 38 of ref 20 ( j ~  is the 
reciprocal of Manning's p)  with use of the same conduc- 
tivity data. The relaxation corrections of Manning, which 
use a DH potential expression, deviate considerably more 
than unity than do those of Stigter. 

Comparison of Calculated d with Experiment. (a) 
Hyaluronate (€ < 1).  Calculated theoretical values of u' 
for hyaluronate, which include the relaxation and non- 
linear PB corrections of Table 11, are shown in Figure 5 
for several models of interest. Corrections for finite coun- 
terion size have not been included because of their 
uncertain validity, as mentioned above. If made, they 
would raise calculated u' values by the factor f i  (eq 34 and 
Table I), in addition to a small further increase due to 
somewhat smaller relaxation effects as the ion atmosphere 

u' = 25(d/2a, - In [ l  - exp(-~d)]l 
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Table 111 
Estimated Relaxation C o r m t i o n  Factor f i n  u' = fyo for 

I = 1.43. 

6 -  
EA 

3 .  4:':i\E; *-.. 

2 -  

model 
ucca EAc Manningd 

Ca* x o  YMDH) YOW f s  YOW f s  YMM) f~ 
0.001 0.057 8.58 6.32 0.81 6.81 0.80 6.87 0.67 
0.002 0.081 7.63 5.69 0.83 6.24 0.83 6.20 0.69 
0.005 0.128 6.40 4.91 0.85 5.27 0.84 5.33 0.72 
0.010 0.181 5.50 4.33 0.86 4.56 0.85 4.68 0.74 
0.025 0.286 4.40 3.59 0.89 3.61 0.89 3.86 0.77 
0.050 0.405 3.63 3.06 0.91 2.91 0.92 3.27 0.79 
0.100 0.572 2.94 2.56 0.94 2.22 0.95 2.71 0.81 

a The cylinder radius in all numerical calculations is 0.55 nm; 
d = 0.5 nm; electrolyte is NaC1. * Uniformly charged cylinder (UCC) 
model: YO(DH) calculated from eq 32, yo(s) and fs as described in text. 
Expanded wormlike cylinder, axial charge sites (EA) model: YO(DH) 

(not shown) 2X curve E in Figure 2, yo(s) and fs as described in text. 
Manning discrete-site modePyO(M) = u' from eq 37, a, = 0.55 nm; 

f~ calculated as described in text. 

is moved away from the polyion cylinder. Such corrections 
would depend on the value chosen for ri, but should in any 
case be quite small at C3* < 0.01 M. 

The most striking result of Figure 5 is the similarity of 
the predicted values of u' for the different models. Over 
the range of Ca* values of experimental interest they differ 
by a maximum of about 20%. The fit to the experimental 
data for hyaluronate is quite satisfactory and appears to 
be slightly better for the wormlike models. 

As mentioned previously, the choice of the cylinder 
radius a = 0.55 nm was based on a fit23 of the Yamakawa- 
Fuji wormlike mode129*42 to intrinsic viscosity data for hy- 
aluronate. Actually, only data for oligosaccharides are 
decisive in this respect, because only at  molecular weights 
less than about lo4 are calculated values of [7]0, the un- 
perturbed intrinsic viscosity, sufficiently sensitive to the 
value of chain radius chosen and sufficiently insensitive 
to the choice of the Kuhn length. A re-examination of 
that calculation suggests a best fit of a to be 0.53 (k0.05) 
nm. The effect of use of the lower (upper) suggested limit 
of a on calculated values of u' of Figure 2 (for a = 0.55 nm) 
is to increase (decrease) u' by from 4 (2)% at C3* = 10-3 
M to 9 (3)% at C3* = 0.1 M for the wormlike or rodlike 
surface-site models and slightly more for the axial-site 
models, so that the error limits of u' due to probable 
uncertainties in a are also relatively small. 

Perhaps more important in this respect are errors in the 
calculated values of [7]om due to neglect of fluctuations 
in hydrodynamic interactions implicit in the preaverag- 
ing of the Oseen tensor. Dynamic simulations of polymer 
motion with fluctuating hydrodynamic interactions43 
suggest that [ 710 may be significantly overestimated (and 
hence our values of a underestimated) due to this effect. 
The probable magnitude of this error is not clear. 
(b) Singly Charged Monosaccharides (t > 1). Ion- 

ized polysaccharides that have one or more charge sites 
per monosaccharide have values of 5 > 1 and therefore lie 
in the region of "counterion condensation", where the 
calculated 5 is replaced by an effectiue value of unity, 
according to the Manning theory of polyelectrolytes.11 In 
the present work the preference has been rather to 
determine effects of the electrostatic potential on the 
spatial distribution of the small ions in the solvent by use 
in all cases of the Poisson-Boltzmann equation and with 
the value of E given by eq 25. Calculations for the case 
when the average charge spacing projected on the axial 
contour is d = 0.50 nm ([ = 1.43) are presented in Table 
111 and Figure 6. In the absence of hydrodynamic data for 

pK' = pH + log [(l - a ) / a ]  = pK,' + ma (39) 

where the last equality of eq 39 assumes a linear plot of 
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difference. The DS models use the electrostatic mutual 
energy of interaction between pairs of sites, while the UCC 
models use the total free energy of charging of cylinder. 
The use of infinitesimal charge elements in the latter means 
that a part of this charging energy involves a self-energy 
of creating the finite charged sites of the polyion, which 
is omitted in the pairwise calculation, or, more precisely, 
is included in the free energy of ionization of the COOH 
groups. This contribution leads to an overestimate of the 
free energy change appropriate to the removal of the proton 
following ionization and hence to too large a value of m 
in the UCC case. 

Conclusions. The electrophoretic transport of worm- 
like cylinders has been treated by the Burgers method in 
terms of the hydrodynamic chain model of Yamakawa 
and Fujii. The treatment, which neglects ion-atmosphere 
relaxation effects, predicts somewhat higher mobilities a t  
low ionic strength for the wormlike chain than for the 
rigid cylinder of the same radius. This effect results from 
the shorter average distances between charge sites in the 
former. Numerical calculations of mobilities for hyalu- 
ronate are based on parameters derived from hydrody- 
namic measurements with use of the same chain model 
and otherwise involve no adjustable parameters. When 
corrections, based on the UCC model, for the nonlinear 
PB potential and ion-atmosphere relaxation are included, 
experimental data for hyaluronate and for polysaccha- 
rides containing one charge per hexose subunit are fitted 
satisfactorily. 

Table IV 
Experimental and Calculated Values of uf/2.303m for 

Hyaluronate 

C3* U’ 0 mb exptl calcdb 
u‘/2.303m 

0.001 1.30 
0.002 3.83 (1.12) 1.48 1.36 
0.005 3.04 (0.91) 1.45 1.38 
0.010 2.57 0.17 1.45 1.43 
0.025 (1.88) 0.55 1.48 
0.050 1.80 (0.51) 1.53 1.63 
0.100 (1.63) 0.43 1.65 1.12 

Values in parentheses are interpolated from quadratic least- 
squares fits of experimental values of u’* and of “2. Calculated 
values are for the expanded-worm model, DH potential (axial sites 
with a = 0.55 nm for u’; Monte Carlo calculations4 for m )  without 
corrections. 

pK‘ against the degree of ionization a having a slope m. 
Such plots are obtained from potentiometric titration2 of 
hyaluronic acid at constant C3*, the 1:l electrolyte 
concentration in the solvent at  dialysis equilibrium. Values 
of m were fitted rather accurately as a function of C3* by 
use of eq 32 for yo a t  a cylinder radius a = 1.0 nm. A 
slightly better fit was obtained2 for the same a value with 
the numerical solution38 for yo from the nonlinear Poisson- 
Boltzmann equation. 

Combination of eqs 6, 38, and 39 at a = 1 yields 

u’ = 2.303mf (40) 
The values of u‘/2.303m found experimentally for hy- 
aluronate, which are shown in Table IV, lie about 50% 
above that predicted by eq 40: u‘/2.303m = f ,  even when 
f (typically less than unity) is set equal to 1.’ This effect 
can also be seen in Figure 2 ,  where the experimental values 
of u’ are seen to lie well above the predictions of the model 
(curve UCC, a = 1.0 nm), although they are fitted rather 
well by curve UCC, a = 0.55 nm. The UCC model clearly 
does not provide a consistent account of the results of 
these two experimental techniques. 

The discrete-site (DS) models provide much better 
agreement with experiment in this respect. In Table IV 
are shown theoretical values (DH potential) of u’ from 
this work and m from previous work4 for the frozen-worm 
approximation. Corrections to these values have not been 
made for relaxation effects (on u’) or the Skolnick-Fix- 
man3s effect (on m),  which tend to compensate each other 
in the calculated ratios u’lm. Similarly, neglect of the 
effects of nonlinearity and assumptions made about chain 
conformation, while they affect the predicted individual 
properties u’ and m, have little influence on this ratio 
because u’ and m are separately proportional to the 
electrostatic potential. 

In view of the clear superiority of the discrete-site model 
in accounting for the relation of these two properties, the 
question arises why the UCC model fails in this respect. 
Examination of Figures 5 and 6 suggests that, given 
information about the correct cylinder radius to use from 
a fit to hydrodynamic data of the wormlike cylinder model, 
the UCC model provides a correct account of electro- 
phoretic mobility. As mentioned earlier, however, a much 
larger cylinder radius must be used to provide a corre- 
spondingly good fit to data from potentiometric titration. 
The error therefore appears ascribable to the theoretical 
treatment of the latter, which involves an estimate of the 
electrostatic free energy as a function of degree of 
ionization. 

Comparison of expressions for the electrostatic free 
energy of the DS and UCC models reveals a significant 

Addendum 

I wish to express my gratitude to Dr. D. Stigter, whose 
suggestion has led to an alternative derivation of eq 26, 
which is conceptually helpful in clarifying the origin of 
the nearly canceling terms in eq 19. The resemblance of 
the Oseen treatment of the spherically symmetric ion 
atmosphere of eqs 10-13 to that presented long ago by 
Onsager46 can be made evident as follows. 

In the case of a single spherical ion a point force Qfii 
acting on the charge QO of eq 13 yields a (preaveraged) 
Oseen contribution vg‘ to the velocity v’ at r = s given by 

(41) 

The resultant value of v‘, when eq 41 is added to eq 13, 
becomes 

D X k  v’ = v*’+ v;+ v; = - 1 
6Tv 

This result can also be derived for the average liquid 
velocity from the exact treatment of Stokes and Onsager 
(D. Stigter, private communication). Equation 18 with v” 
= vo = 0 then leads directly at  s = a to eq 1,  from which, 
for the DH potential at  r = a 

Equation 1 1  of Onsager for V (= v) (with his eq 7 for VZ) 
would be identical with the last equality of eq 43, if the 
shear radius a in the term l / a  were taken to be an 
“effective” Stokes radius. Onsager correctly avoided 
identifying the latter with an “ionic radius” estimated by 
some other method, because of the failure of macroscopic 
hydrodynamics at  the dimensions of small ions, as 
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mentioned above in connection with Stokes' law. 
The interest of this result for the present work lies in 

a proposed extension to a polyion model constructed, for 
example, of spherical beads each containing a charge site 
and surrounded by a spherically symmetric ion atmo- 
sphere. As a first "free-draining" approximation, each 
charge site k can be assumed to contribute independently 
to the liquid velocity. The model resembles closely that 
discussed previously by Manning ,2O but here the proposal 
is to make quantitative use of eq 42 for the liquid velocity. 
In the KR approximation valid for long chains, the 
contributions Vk' a t  a chosen bead can be summed in the 
same spirit as for eq 19 to give 

u' DL 
- = -Z($')k 
E Q k=l 

where the ( $ ) k  are to be evaluated over the surface of the 
bead. As before, this procedure is supposed valid also for 
the self-potential of a bead of radius greater than 0.5 nm. 
Equation 26a is identical with eq 26, except for details of 
numerical evaluation, which should have negligible effect 
on the result, but are less convenient to carry out for 
spherical beads. An advantage is that the treatment 
leading to eq 26a should be valid for any location of the 
charge site in the polyion cross section, provided only that 
its ion atmosphere can reasonably be taken to be spher- 
ically symmetric. The conceptual advantage of using eq 
42 for Vk' and consequent neglect of vk" is that the 
hydrodynamic interaction terms do not appear as such, 
and the near cancellation of the first two terms in eq 19 
is seen to result from the combined effect on v' of each 
charge site and its own ion atmosphere. 

The latter point is of interest in connection with the 
question whether the neglect of fluctuations in hydrody- 
namic interactions implied by preaveraging the Oseen ten- 
sor in eq 16 for v" will lead to errors in theoretical estimates 
of u'similar to those (up to 15 '?4 ) attributed to such neglect 
in the case of the translational diffusion coefficient by 
experimental4' and theoreti~a1~3~~~49 results. Since a 
similar preaveraging occurs for v' from the ion atmosphere 
term in eq 10 and since near cancellation occurs for the 
first two terms in eq 19, the question becomes to what 
extent preaveraging affects this situation and, in particular, 
the residual term in the electrostatic potential in eq 26 or 
26a. Further calculations, perhaps involving dynamic 
simulations, would seem to be needed to clarify this point. 

Appendix A 

The integration procedure of Schlitt,l* originally de- 
veloped to provide numerical solutions to the KR integral 
equation,21 can be applied to provide a more exact solution 
of eq 19 than that provided by eq 26, which employed the 
KR approximation. The integral eq 19 may be rewritten 
at any p as 

where g(p) is defined in analogous fashion to g ( q k )  in eq 
23. Division byg(p), which does not vanish for anyp, and 
by 6aqU leads to 
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S,LK(lp - qI)[#(q) - 4(p)l d s  
+4@) = 

The function g ( p )  may be evaluated analytically when 
K ( z )  is given as an integrable function. After change of 
integration variable from q to t = 2q/L - 1, with corre- 
sponding integral limits, t = -1 to t = 1, the integral in eq 
28 can be conveniently performed by Gaussian quadra- 
ture with tabulated31 values of t and the weighting factor 
w, so that 

xi = g @ ) - l  40 -= Elu' (446) 

In eqs A4-A6 the pairs of points i j  are chosen as the Gauss- 
ian quadrature abscissae of coordinates p,q,  respectively, 
for the M-point integration. The coefficients Kij in eq A4 
represent values of K(lp - ql) and the variables 4 i  and $ j  
values of 403) and 4(q), respectively. The Kik values in 
eq A5 differ from Kij only in that the points k are the 
evenly spaced charge sites, subscript ik denoting a value 
at  the plane containing point i due to charge site k. The 
s u m  in eq A4 may be rewritten as separate sums containing 
4i and 4j terms 
M M 

C A i j + j  - d i X A i j  = - 4i + Ai - Aio40 0' # i )  (A7) 
j=l j - 1  

If the coefficient Aii is defined by 

Aii = 1 - C A i j  (AB) 
i # j  

eq A7 reduces to the set of linear equations 
M 
C A ~ ~ ~ ~  = xi  (i  = I, 2, ..., M) (A10) 

where the sum now includes j = i. 
The remaining equation needed to solve for the M + 1 

variables 4j is the force balance, eq 15. When f(p) is written 
( f ( p ) ) i  and Eo = X i ,  eq 15 becomes 

6aqU S,"$J@) dp = ZQkX = Z e x  (All) 
Evaluation of the integral by M-point Gaussian quadra- 
ture, as for eq A4, then leads to 

j = O  

where eq A6 has been used. If the coefficients Aoj are 
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defined by 

Aoj = wj (j = 1, ..., M) A, -2 ( A 1 3  
eq A12 may be written in the form of eq A10 

B6 into eq 26 leads to 

M 
X A o j d j  = A, = 0 
j=O 

Equations A10 and A14 represent a set of M + 1 linear 
equations, which can be solved numerically for the M + 
1 unknowns 4j in the usual manner. By defining the M 
+ 1 square matrix A of the coefficients Aij (i, j = 0, ..., M) 
and two (M + 1) X 1 column matrices, (1) the matrix 4 
of the unknowns 4j and (2) the matrix X of the known 
quantities A j  (j = 0, ...,M), eqs A10 and A14 may be written 

A$=X (A151 
which may be solved for 6 by inverting the matrix A. 

4 = A-’A (A161 

Appendix B 

The potential #k due to a point charge q k  located on the 
surface r = a = b of a dielectric cylinder as defined in the 
text is given, according to the solution of Skolnick and 
Fixman,S4 in cylindrical coordinates (2, r, a) by 

where g,(k) depends on K and k. The average surface 
potential ( $ ) k  specified in eq 19 may readily be obtained 
by averaging #k at r = a and any z over the angular 
coordinates a. The integral ( # ) k  = $J/k d a  from a = 0 to 
a = 2n vanishes for all m except m = 0. The integral f$(qk)  
defined in eq 24 then becomes, for a cylinder of infinite 
length 

Since go(k) is independent of t, the 6 function 

may be substituted to give 

(B3) 

The integral properties of the 6 function permit expression 
of eq B4 as 

Evaluation of gO(0) at k = 0 (eqs 11.8-11.10, ref 35) gives 

where xo  Ka and Ko(x0)  and Kl(x0) are modified Bessel 
functions of the second kind. Substitution of eqs B5 and 

(B7) 
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